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WEYL MODULES FOR CLASSICAL AND QUANTUM AFFINE 

ALGEBRAS 

VYJAYANTHI CHARI AND ANDREW PRESSLEY 



0. Introduction 

The study of the irreducible finite-dimensional representations of quantum affinc 
algeb ras has been the subject of a number of papers, [ AK|, | CP3 |, | CP5 |, FR|, |FM|, 
|GV| , |K£j to name a few. However, the structure of these representations is still 
unknown except in certain special cases. In this paper, we approach the problem 
by studying the classical (q — > 1) limits of these representations. Standard results 
imply, for example, that if V is a finite-dimensional representation of U g (g), its 
q — ► 1 limit V has the same structure as a g-module as V has as a [/ 9 (g)-module. 

We begin by studying an appropriate class of representations of the affine Lie 
algebra g. The finite-dimensional irreducible representations of g were classified in 
0, gPj| , where it was shown that such representations are highest weight in a 



suitable sense, the highest weight being an n-tuple of polynomials n, where n is 
the rank of g. We therefore study the class of all highest weight finite-dimensional 
representations of g. In fact, we prove that corresponding to each irreducible finite 
dimensional representation V(tt) there exists a unique (up to isomorphism) finite 
dimensional highest weight module W(tt), such that any finite dimensional highest 
weight module V with highest weight n is a quotient of W(ir). We call these 
modules the Weyl modules because of an analogy with the modular representation 
theory of g, which we now explain. 

In [ CP5 |, we showed that the irreducible representations of U q (g) are also high- 
est weight and that their isomorphism classes are parametrized by a n-tuples of 
polynomials ir q with coefficients in C(q). Under a natural condition on 7r g , the 
corresponding representation V q {ir q ) of Uq(g) specializes as q — > 1 to a representa- 
tion V q (n q ) of g and is a quotient of W(ir), where tt is obtained from n q by setting 
q = 1. We conjecture that every W(tt) is the classical limit of an irreducible U q (g)- 
module. This is analogous to the fact that the Weyl modules for g in characteristic 
p are the mod p reductions of the irreducible modules in characteristic zero. We 
prove the conjecture in the case of g = sh in this paper. The conjecture is also true 
for the fundamental representations of U 9 (g), but the details of that will appear 
elsewhere. 

In Section 3, we prove a factorization property of Weyl modules analogous the 
one for the irreducible modules proved in CP1]. In Section 5 We obtain a necessary 
and sufficient condition for the Weyl modules to be irreducible: the interesting 
feature of this proof is that it uses the fact that the specialized irreducible modules 
for the quantum algebra are quotients of the Weyl module. Further, the condition 
for irreducibility of the Weyl modules is the same as a condition that appears first 
in the work of Drinfeld on the closely related Yangians, 
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The Weyl modules we define are quotients of a family of level zero integrable 
modules for the extended affine Lie algebra, one corresponding to each dominant 
integral weight of g. We call these modules W(X). According to unpublished work 
of Kashiwara, these modules are the classical analogues of the modules V max (X) 
defined in Q. Further, Kashiwara has a number of conjectures on the crystal basis 
of V max {\). In Section 6, we identify the modules W{\) explicitly in the case of 
sl2- A similar identification can then be proved for the modules V max (X) which 
settles one of Kashiwara's conjectures, but the details of this will appear elsewhere. 

Acknowledgements. We thank F.Knop, D.Rush and R.Sujatha for discussions. We 
also thank M. Kashiwara for explaining his conjectures to us and for drawing our 
attention to the modules V max (X). 

1. Preliminaries and Some Identities 

Let g be a finite-dimensional complex simple Lie algebra of rank n, f) a Cartan 
subalgebra of g and R the set of roots of g with respect to f). Let J = {1, 2, • • • , n}, 
fix a set of simple roots Oii (i £ I), and let R + be the corresponding set of positive 
roots. Let 9 G R + be the highest root in R + . For a G R + , fix non-zero elements 
x^ G g, h a G h such that 

[x a , x a ] — h a , [h a , x a ] i2x a . 

Let Q — 0" =1 Zcti (resp. Q + — 0" =1 Na-j) denote the root (resp. positive root) 
lattice of g. For 77 G Q + , i] = J2i r i a i> we se * n * V = J2i r i- The lattice P (resp. 
P+) of integral (resp. dominant integral) weights is the set of elements A G f)* such 
that A(ft a ) e Z for all a G R (resp. A(/i a ) > for all a G P+). For i G I, the 
fundamental weight of g is given by Wi(ay) = (5^ . Let < , > be the bilinear 
pairing on P such that < oti,u>j >= 5ij. Set =< on,otj > for i,j G P The 
bilinear form induces an isomorphism f) = fj* such that, if (3 — J^. r,;(X; G R + , then 

j 

where for a root a G P, we set d a = | < a, a >. Let VF C Aut(f)*) be the Weyl 
group of g; it is well known that W is generated by simple reflections Sj (i £ I). 
The extended loop algebra of g is the Lie algebra 

L e (g) ^gCxjC^r- 1 ] ®Cd, 

with commutator given by 

[d, x <g> f] = rx ® t r , [x ®t r ,y® t s ] = [x, y] <g> t r+s 

for x, y G g, r, s G Z. The loop algebra L(g) is the subalgebra g® C[i, of L e (g). 
Let h e = h © Cd. Define 5 G (ff)* by 

5(h) = 0, 5(d) = 1. 

Extend A G h* to an element of (h e )* by setting X(d) = 0. Set P e = 0" =1 Zui®ZS, 
and define PI in the obvious way. We regard W as acting on (f) e )* by setting 
w(S) = S for all w G 

For any £ G g, to G Z, we denote by a; m the element x ® t m G £ e (g)- Set 
ef = x^. ® 1 and ejj" = (g> i ±x . Then, the elements ef [i = 0, • • • , n) and d 
generate £ e (g). 
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For any Lie algebra a, the universal enveloping algebra of a is denoted by U(a). 
We set 

U(L e ( )) = U e , U(L(g))=U, U( )=U^. 

Let U(<) (resp. U(>)) be the subalgebra of U generated by the x~ m , (resp. 
x a z . m ) f° r « S /, m e Z. Clearly, x~ m £ U(<) (resp. x+ m e U(>)) for all 
a e m € Z. Set U /in (<) = U(<) n U /in and define U- f " l (>) similarly. 
Finally let U(0) be the subalgebra of U generated by /i a , m for a € -R, to £ Z, 
to ^ 0. We have 

XJ/™ = U /in (<)U(t])U /in (>), 

U e = U(<)U(0)U(ff)U(>). 



Lemma 1.1. TTie assignment T{x^. m ) = x a . m ±i, for i 6 I, m € Z, defines an 
bra automorphism o/U. □ 



We next recall some identities in U e , which are most conveniently stated using 
generating series. Thus, for any (3 6 we introduce the following power series 
in an indeterminate u: 



m— — oo 



m+1 

m=0 m— 



oo , 
hf. 



Hp{u) = h P,mU m+1 , A ^( w ) = A P,±mU m = exp ~E /,. 

m— — oo m— \ /c— 1 



Set = , x^. !m = a; im , and define hi, A i , etc., similarly. 

The next lemma follows easily from the definition of the Ai_ rn (= A Qi . m ). 

Lemma 1.2. TTie subalgebra U(0) o/ U is generated by the elements A, , m , /or 
i E I. m £ Z. □ 

For any power series / in it with coefficients in an algebra A, let / m be the 
coefficient of u m (m 6 Z) and let /' denote the derivative of / with respect to u. 
For x £ U, r £ Z+, set 

= £ . 
r! 

For an algebra A, let A + denote the augmentation ideal. The next result is a 
reformulation of a result of Garland, [^J. 

Lemma 1.3. Let s > r > 1, (3 £ R + . 

(i) 

(4o) (r) (^,i) (s) = (-lY(Xp(u) is - r) A;(u)) s mod UU(>) + . 

(ii) 

(4i) (r) (a£o) W = (-l) r (^, («) ( - r) A^(u)). mod UU(»+. 



Proof. We use the identity in Lemma 7.1], in the form given in [CP6, Lemma 
5.1] for its quantum version, namely 



r z m 

E E EC" 1 )' (u- s+t Xp(u)^) t _ Ap tk (*+(„) 



t=0 m=0 k=0 



(r-ty 

t — ra ' V H / m—k 



In the sum on the right-hand side of the equality, we get an element of UU(>). 
unlcss t — r and m = k, and so we have 



(4,o) (r) (^,i) (s) = (-i) r E ( u ~ s+rx ^ u ^ r) ) r _ m A ^ mod uu (>)+ 

m=0 

m 

= £>l) r feM^) A+(u) m modUU(>) + 

z — ' \ / s — m 

= (-1)'' (Xp{u)^K+{u)) s mod UU(>)+. 

The identity in (ii) follows from (i) by applying the automorphism T : U — * U. □ 

We conclude this section with some elementary properties of integrable L e (g)- 
modules. 

A representation V of U e is called integrable if the Chevalley generators ef , for 
i = 0, 1, • • • ,n, act locally nilpotently on V and 

where 



V for all P € R + and m G Z. Set 



V x = {v EV : h.v = X(h)v V fee ff}. 



It is well known that this implies that the elements act locally nilpotently on 



V+ = {v e Vx : xt ro .w = V € R+, m e Z}. 



It is easy to see that, if V is integrable, then V\ ^ (resp. 7^ 0) only if A G P e 
(resp. A G P+). Further, if u G TAT, then 

(1.1) (z-jMM+i. w = 0i 

(1.2) V x ^0 =► K t ,A^0 VtfleW. 

If A G P+, let y* m (A) be the finite-dimensional irreducible U* m -module with 
highest weight A. If A G PI, the restriction of A to f)*, also denoted by A, is in P+. 
If V is an integrable U e -module and 0^»£ V^~, then U^ 1 ™.!; is a U^ m -submodule 
of V isomorphic to V fm (\). 

Proposition 1.1. Let V be an integrable \J e -module. Let A G Pf , let ^ v G V x + 

and let (3 G P + . Then: 

(i) Ap >m .v = /or m > A(/ig); 

(ii) /or r > 1, s > \(hp), 

Xp( U yA+(u)) s .v = 0, (x po (u) r A+(u)) s .v = 0; 



(iii) for all s 6 Z, 

(Xp(u)A+(u)) s .v = 0, (^(w)A+(u)) s .v = 0; 

(iv) Ap t - m .v = for all m > \{hp); 

(v) for < m < X(h ), 



Proof, (i) This follows by taking r = s > \{hp) in Lemma 1.3 (i) and using equation 
& ■ ^ 

(ii) This follows from Lemma [L3J by replacing r by s — r and using equation (1.1). 

(iii) Taking r — X(hp), s = X(hp) + 1 in Lemma |L3| (i) gives 

( L3 ) H ^m+l A /3,A(^)- m -« = 0. 

m— 

Applying hp t k, for any fc S Z, to the above equation and noting that hp^.v S V^~, 
we get 

m— 

which can be written as 



0. 



Applying Xp _ s _ 1 , for s 6 Z, to both sides of equation (1.3) gives 

A(/3) 

^ hp im - s ^-p,X(h )-m- v = 0; 
?ri=0 

i.e., 

A(ft (3 )-s 

/J h/3,m^-l3,X(h )-s-m- v = 0. 
m— — s 

Replacing s by X(hp) — s + 1 and using part (i) of the lemma, one sees that this 
identity is equivalent to the second identity in (iii). 

(iv) and (v). During the remainder of this proof, write hp — At, Ap(u) — A^(u _1 ), 
so that 



A (u) = exp ( 
Note that, as operators on , 



k=l 



k 



By (iii), we have 



a(m-4j+4j)=^ 



V Ap A p 



as operators on , so, since Ap(u) is invertible, 

\(hp)Ap(u)A (u) = u(A' p A p - ApA'p). 

Note that both sides of this equation make sense as power series in u since Ap(u) is 
already known by (i) to involve only finitely many positive powers of u. Hence, as 
series with only finitely many positive powers (but possibly infinitely many negative 
powers), we have 

/a p\ x, l v..-i ( A /3 X 



and so 



±M=A^\ 



A p (u) 

where Ap is an operator on V^f independent of u. Equating coefficients of u x ( h ^ 
shows that Ap = Ap t x(hR) an d then the equation (of operators on V^~) 

proves both (iv) and (v). □ 
Fix a total order < on R + . 

Proposition 1.2. Let V be an integrable U e -module, let A £ Pf and let 7^ v 6 
Vj+ be such that V = XJ e .v. 

(i) IfVp 7^ 0, then fx = A — 77 + ro~ /or some 77 £ Q + , r S Z suc/i iftai V'*™^)*-*) 7^ 
0. 

(ii) V is spanned by the elements 

for < r t < X(h Pt ), < t < s, < fa < ■ ■ ■ < (3 S 6 R+ . 

Proof. Since U(>) + .v = 0, it follows that V = U(<)U(0).u and hence 

Vf, ^ => fi = A - i] + rS, 

for some 77 € Q + and r € Z. Choose a £ W such that c(A — 77) 6 P + . Since is 
integrable, V^^) 7^ 0, hence o~(\ — if) = A — rf for some 77' S Q + . This implies that 
^ /in (A) CT (A-^) 4 0, and hence that V fm {\) X - v + 0. 

To prove (ii), note first that it is clear that elements of the form 

Sft.nSft.m ■ ' ' x p.,tM°')- v > (0 < t < a, ft e R + , n e z) 

span V. We prove by induction on s that any such element is in the span of the 
elements 



x 



-fi-M x ~t2,k 2 ■ ■ ' a; 7 m ,fc m U ( )- w ' (°< k t< KK)> 7i < 72 < • • • < 7m, < t < to). 



For s = 1, n > A(/i/3 1 ), we have, by Proposition l.l(iii), that 



H ;E /3 1 ,r A /3i,n-rU(0).W = 0. 



r=0 



Since A^ lt o = 1, this implies that x^ r .v is in the span of the elements x /3i r TJ(0).v 
with < r < r±, from which the assertion follows. If t\ < 0, we use 



r=0 



which follows from parts (i) and (ii) of Proposition 1.1. Since, by Proposition |l . l| (v) , 
^■p.\(h p ) is invertible, it follows that r± .v is in the span of the elements x^ r .v 
(0 > r > ri). An obvious induction now gives the result. 

Suppose that we know the result for some s > 1. Let j3 t £ R + and rt € Z for 
< t < s be such that < r t < X{hp t ) for all t. We have 

X f3 ,r a X f3 1 ,r 1 X l3 2 ,r 2 ' ' ' X 0„r e - V = X f3i,r x X f3 ,r X f3 2 ,r 2 ' " X P„r 3 - V 

Since [x^ ro ,xZ x r J € fl 8> t ro+ri , the induction hypothesis applies to the second 
term on the right-hand side of the equality. As for the first term, notice that the 
induction hypothesis applied to x« ro %g 2 r •■•x~Z r .v implies that this is in the 
span of the elements obtained by applying ordered monomials in the x~ k to v, for 
7 € R + and < k < A(/i 7 ). Thus, we must show that every element of the form 

xT, x~ , x~ i ■ ■ ■ x~ , \J(0).v, 

where 71 < 72 < • • • < J m and < k t < X(h Jt ) for 1 < t < to, can be rewritten in 
the desired form. If /3i < 71, there is nothing to prove. Otherwise, we have 

and X(hp 1+7l ) < r\ + k\. Using the induction hypothesis gives the result. □ 

2. Maximal Integrable and Maximal Finite-Dimensional Modules 

In this section we define, for every A £ Pf an integrable U e -module W(X). 
Further, for any n-tuple 7r = (tti(u), tt2(u), • • • ,7r„(u)) of polynomials iri(u) in 
an indeterminate u with constant term 1 and degree X(hi), we define a finite- 
dimensional quotient U-module W(tt) of FF(A). 

For A S P£, let 7 A be the left ideal in the subalgebra U(<)U(0)U(f)) of U e 
generated by the following elements: 

h - X(h) (h G f)), A hm (i e 7, \m\ > X(h t )), 

Ai,A(ft. i )Aj _ m - A iiA(ft<) _ m (i € 7, 1 < to < A(7ii)), 

(lr( M )A+( M )) U(0) (ie/, mez), 

(^7 («rA+(«)) m U(0) (t el, r > 1, |m| > A(fc)). 

Let 7 A be the left ideal in U generated by 7 A and the xf m for all i G 7, m € Z, 
and let 7| be the left ideal in U e generated by 7 A and <i — A(<i). Set 

W{\) = tT/Tf = U/7 A . 

Clearly, W(A) is a left U e -module (and a left U module) through left multiplica- 
tion. Let w\ be the image of 1 in W(X). Then, 

U(>) + .io A = 0, W{X) = U e .w x = U.w x . 
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Since /\U(0) C I\, we can and do regard W(X) as a right U(0)-module as well. 
For 77 G Q + , we set 

^(A)[r7]=0^(A) A _ I)+r5 . 
Clearly, W(A)[ry] is a right U(0)-module for all 77 G Q + and we have 

w(x) = w(\)M 

as right U(0) -modules. 

Let J A (0) = I\ n U(0). By the PBW theorem, it is easy to see that 

U(0)/7 X (0) £* C[Ai, m , A7^ (/ti) : i 6 1, 1 < m < A(fc)]. 

In particular, 

W(A)[0] = C[A iim , A7j[ (ht) : i G /, 1 < m < X(h % )] 



as right U(0)-modules. It follows immediately from Proposition 1.2(h) that, for all 
77 G Q + , W-^A)^] is a finitely-generated U(0)-module. 

Next, let 7r = (tti, 7T2, • • • , 7r„) be an n-tuple of polynomials in an indeterminate 
u with constant term 1, and define, for a G C, an element A-n^a G (f) e )* by setting 
X-7v, a (hi) = degn 2 (i G /) and X-n, a {d) = a. Set 

(OU + -t > u^mju- 1 ) 

2.1) TT,; = 7T.;, TT, (U) = — ; ; 7-—^ . 

Let Itt(0) be the maximal ideal in U(0) generated by 

(A±(u)-7T±(u)) a (iel, 8>0), 

and let = U(0)//7r(0) be the one dimensional U(0)-module. Set 

W(tt) = W(\ w ,a) (g) u(0) Ctt. 

Then, J^(7r) is a left U-module (but not a U e -module) with a; G U acting as x®l. 
Let be the image of 1 in W{ir). Note that A i {u).w-n = ir i {u)w^ (i G I). 
The assignment ^ i— * extends to a surjective U-module homomorphism 

^(Avr.a) -> W(7T). 

Recall that the affine Lie algebra g is an extension of L e (g) by a 1-dimensional 
central subalgebra Cc. Any representation of £ e (g) is a representation of g by 
making c act as zero. Set ho = [sq, e^], the bracket being evaluated in g. Then, 
ho = c— h$. 



The following result is proved in [CP2 



Lemma 2.1. Let V be a Q-module generated by an element v G V\ (X G PfJ smc/i 
that 

(e+r X{ ' H)+1 .v = z/ X(h) < 0, 
( e -)^)+ 1 . u = o if X{hi) > 0, 
/or i £ I. Then, V is an integrable Q-module. □ 

Theorem 1. (i) Let A G PI. Then, W(X) is an integrable U e -module. 
(ii) Let 7r be an n-tuple of polynomials with constant term one. Then, W{it) is 
a finite-dimensional U-module. 



Proof. To prove (i), note that by Lemma 2.1 it suffices to show that 

ef.w x = 0, (er) x ( h ^+\w x = (i e I), 

e -. WA = 0, (e+) x ^ +1 .w x = 0. 

Suppose that i £ I. Then, ef — xf and it follows from the definition of W(X) 
that .w\ = 0. By Lemma 1.3(h), 

In particular, this proves that TJf m .w\ is a finite-dimensional g-modulc. 

Turning to the case i = 0, notice that e$ = xf _ 1 is a linear combination of 
products of the xf m (i e J, to G Z). Hence, x^"_ 1 .wa = 0. 

For any m > 0, let u> m = (eJ) m+1 .WA- Suppose that w m ^ 0. Since [ej, Xp ] = 
0, it follows that 

U^(<). Wm = e™ +1 U^ l (<). WA 

is finite-dimensional. Since W^(A)[?j] = for all but finitely many n S Q + , it follows 
that 

W m = V fln .w m = U^"(>)U(d)U^"(<). U ; m 

is a finite-dimensional g- module. Hence, for all a € W (the Weyl group of g), we 
have 

cr(A-(m+l)0+(m+l) s) * 0. 

Choosing a so that a (9) = —en for some i € J, we get 

W A (^)<j(A) + (m+l)Q i + (m+l)(5 7^ 0. 

But this can only happen for finitely many values of to. 

This proves that w m — for all but finitely many to. The Lie subalgebra of 
L(g) generated by e$ and hg is isomorphic to s/2, and we have just shown that the 
corresponding s^-submodule generated by w\ is finite-dimensional. It follows from 
standard results that (e„ ) x ( h ^ +1 .w\ = 0. 

To prove (ii), it suffices now to notice (using Proposition 1.2(h)) that W(tz) is 
spanned by the elements 

X Px,r x X fo,ri ' ' ' X P B ,r s ® 1 

for s > 0, < r t < A(/i A ), (3 t G R+. □ 
The modules W{\) and W(tt) have certain universal properties. 



Proposition 2.1. (i) Let V be any integrable U e -module generated by a non- 
zero element v € V A + . Then, V is a quotient ofW(X). 

(ii) Let V be a finite- dimensional quotient U -module ofW(X), and assume that 
dim V\ = 1. Then, V is a quotient ofW(Tt) for some choice ofn. 

(iii) Let V be finite-dimensional U -module generated by a vector v E and such 
that dim V\ = 1. Then, V is a quotient ofW(Tt) for some it. 
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Proof. Part (i) is immediate from Proposition 1.1 and the definition of W{\). 

To prove (ii), let v ^ be the image of w\ in V. Notice that dimVx = 1 implies 
that 

Ap. m .V = Trp, m v, 
for some scalars irp. m G C. By Proposition fhl](i), it follows that 

71-/3,™ = (\m\ > \{hp)). 

For is/, set 7Tj(u) = Y^~Lq ^ ai .kU k . The iTi(u) are polynomials with constant 
term 1 and Proposition 



1.1 



v) shows that 

Af (u).v = nf(u)v. 

This shows that V is a quotient of W(tt), where tt is the n-tuple of polynomials 
defined above. 

The proof of (hi) is identical. □ 



3. A TENSOR PRODUCT THEOREM FOR W{tt) 

The main result of this section is the following theorem. 

Theorem 2. Let tt = (tti(u),tt2(u), ■ ■ ■ , ir n (u)) and tt = (tti(u),tt2(u), • ■ • , ir n (u)) 
be n-tuples of polynomials in u with constant term 1, such that iii and Wj are 
coprime for all 1 < i, j < n. Then, 

W(tt tt) £* W{tt) ® W(n) 

as U-modules, where tt tt — (ttitvi, hi^i^ • ■ • , 7r„7r n ). 

For j3 G R + and tt as in Theorem 2, define ~Kp{u) by 

(3.1) A^(u).iU7r = Trp(u)wir. 

Lemma 3.1. Let /3 = Y^i=i r i a i R + ■ Then, 

n 
i=l 

If 9 S G R + is the highest short root of g, then np divides irg s for all (3 G R + . 

Proof. The first statement is immediate from the formula for hp in terms of the hi 
given in Section 1 and the definition of the At. The second statement is proved 
case by case, using the explicit formula for 9 S (there is a simple uniform proof when 
g is simplydaced). □ 

From now on, we shall assume that, given fj G R + and an n-tuple of polyno- 



polynomials ttq (it) are defined as in ( |2.l| ) 



mials 7r, we have defined a polynomial npiu) by the formula given in (3.1). The 

P 
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Definition 3.1. Let 7r = {7Ti,-- - , 7r„} be an n-tuple of polynomials in u with 
constant term 1. Define M(tc) to be the left U-module obtained by taking the 
quotient of U by the left ideal generated by the following: 

xf k , hifi - deg7Ti (i e I, k G Z), 

(Af(u)-nt(u)) s (iel,s>0), 

(n (u)X-(u)) s (peR+,seZ). 



Let ttt-tt be the image of 1 in M(ir). It is clear from equation (3.1) and Proposition 
1.1 (iii) that, for all (3 e R + and all s G Z, 



(A^(u)-Tr^(u)) mTT =0, 
(tt0 (u) J .run = 0. 



Set Xn{hi) = deg^. 
Lemma 3.2. VKe /icrae 



M(tt) = M(7r) A7r _„ 

and dzmM(7r)A-r; < oo. Further, for all (3 e s 6 Z, we have 

(K 9s (u)Xp(uf) s .M(ir) = 0. 

Proof. The set 

{x~ r : p G i?+ < r < A(fyg)} U {x" ® ^^(t) : /? G iZ+ m G Z} 
is a basis of 

Cx^ ] (SCtt,*- 1 ]. 

By the PBW basis theorem, we can write 

U(<) = U^U T 

where U-n- (resp. U 71 ") consists of ordered monomials from the first (resp. second) 
set. The relation 



for all s G Z implies that (XJ' K ) + .m-n = 0. A further use of the PBW theorem now 
shows that 

M(tt) = U n 

as vector spaces. Moreover, this isomorphism takes M(7r)\ /K - ri to 

Utt(?7) = {x G Utt : [h, x] = r](h)x V7i G f)}. 

Since this space is clearly finite-dimensional, the first statement of the lemma 
follows. 

For the second statement, we show by induction on ht 77 that 

(ire(u)Xp{u)) s .M(7r) A7r _„ = [fi G JZ+ s G Z). 
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If rj = 0, the result is immediate from the definition of M(tz) and the last part of 
Lemma 3.1. In general, let rj • • • x^ k rk -m 7V 6 M(7r)x 7r -^. Then, 

where we understand that X7 + a (it) = if /3 + /3i ^ R + . The right-hand side is 
zero by the induction hypothesis, and the inductive step is complete. □ 



Lemma 3.3. The U -module W(n) is a quotient of M(ir), and any finite- dimensional 
quotient of M(tt) is a quotient ofW(Tr). 

Proof. Let V be a finite-dimensional quotient of M{tt), let v S V be the image of 
rn7r, and let A = A^. Then, dimVA = dimM(Tr)\ = 1, so by Proposition 2.1(h), 
V is a quotient of some W{fk) with A = A^-. Since &m\W(-k)\ = 1, v is a scalar 
multiple of the image of u^. But then by comparing the action of A^(it) on 
and on m-n-, we see that 7r = 7r. 

To show that W(n) is a quotient of M(7r), it is clear from the definitions of these 
modules that we only need to show that 



(% (u)X^(u)J .wn = (seZ). 



Since W(tt) is a quotient of W^X-jz^), this follows from Proposition 1.1, thus com- 
pleting the proof of the lemma. □ 

Denote by A : U — > U <g> U the comultiplication of U defined by extending to 
an algebra homomorphism the assignment 

for all x <E L(g). The following lemma is proved in 
Lemma 3.4. For all [3 G R + , 



A(A±) = A$® A ± 



whe 



A±®A± = ( A /?.±fc ® A /3,±m)w fc+ro . 

fc,m>0 

□ 

Theorem || is now clearly a consequence of the following proposition. 

Proposition 3.1. Assume that tv = {tti, 7T2, • • • , 7r„} and tt = {ffi, 7T2, • • • , 7f n } are 
n-tuples of polynomials with constant term 1, such that iTi and 7Tj are coprime for 
all 1 < i, j < n. Then: 

(i) M(tt tt) = M(tt) <g> M(#); 

(ii) every finite-dimensional quotient U -module of M(rc) ® M{tt) is a quotient of 
W{ir)®W(n). 
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Proof. Set A = Att + A^.. It is clear from the proof of Lemma 3.2 that, for all 
i] £ Q + , we have 

M(tt n) x -r, = (M(tt) <g> M(ir)) A _ )J 

as (finite- dimensional) vector spaces. To prove (i), it therefore suffices to prove that 
there exists a surjective homomorphism of U-modules M(n n) — ► M(7r) ® M(#). 
It is easy to see, using Lemma 3.4, that the element 777,77 satisfies the defining 

relations of M(tz-k), so there exists a U-module map M(tv tt) — > M(7r) ® M(tt) 
that sends vn^^ to 7/177 ® to^j.. Thus, to prove (i), we must show that, if 7Tj and 
ttj have no roots in common, the element 777,77 (g> m^j. generates M(7r) (8 M(7r) as a 
U-module. 
Set 

AT = U.(TO7r <g) m-). 

Assume that, for all r\ = J2i r i a i> V = X^^ a «' with htr? = r i < s > ntr 7 = 
^ fj < s, we have 



M(7r) A7r _^ $ M(tt) a f , C JV. 



We shall prove that 



(^m^^)^^-^ ® M (*)A--<7 C AT, 

M(w) Aff -,®a;7- m .(M(7r) A ._ fl )cJV 

for all z € J, m € Z. This will prove that 

A/(7r) A7r _„ <g> M(tt)a- _<j C AT, 

when ht 77 < s, ht 77 < s, and hence, by induction on s, that A" = M(tv) (g) M(7r). 
Since 7r# s and TTg 3 are coprime, we can choose polynomials R(u), R(u) such that 

Rirg s + Rite, = 1 ■ 
By the second part of Lemma 3.2, 

(Rx e ,Xf(u)) .w = 0, 

\ / m 

(m et Xf(uj) .w = o, 

for all i £ I , m £ Z, w £ M(n), w £ M(tt). Hence, 
(RTTg a Xr( u )) .(w®w) 

= (ifrr0 s Xr( w ) ) ® w + w [RKQ s Xi(u) ) .fi) 
= to(8) f(l -Me.)Xi{u)) .w 

V / m 

Taking w £ M(7r)A 7r -? ) and 10 S M(-7r) A v , so that w ® iu S AT, it follows that 

w <8> x^ m .w £ N for all i € /, to € Z. The other inclusion is proved similarly, and 
the proof of part (i) is complete. 
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Suppose that V is a finite-dimensional quotient of M(n) ® M(tt) with kernel if. 
We shall prove that, for all r > 1, i S I, s > X-rvihi) + 1, s > \^{hi) + 1, 

(3.2) (i,(«)lr(«) r ) s % ® M(4r) C if, 

(3.3) M(tt) gi ( 7 r i (u)Xr(n) r ) s .m~ c if. 

Since the sum of these subspaces is the kernel of the quotient map 

M(tt) <g> M (#) -» W(tt) ® W(7f), 

it follows that V is a quotient of W(-7r) (g> W(ir), which proves part (ii). 

To prove equation ([T^), it suffices (by the proof of Proposition [Tl](ii)) to prove 
that, for alH 6 I, m € Z, 

( x i, m ) ri+1 -m-iv ® m~ e if, 

where r» = deg7Ti = \-n{hi). Since V is finite-dimensional, the element {x~ m ) r .m-n® 
rrij^ S if for some r > 0. Let ro be the smallest value of r with this property. Since 

X t-rn( X Zm) r0 - m TT ® ^~ = {r, t - r + 1) (x^ ) r ° ~ 1 .m^ ® 771^. , 

it follows by the minimality of ro that r» + 1 = ?*o- 

Equation (3.3) is proved similarly, and we are done. □ 

Note that, since dim W^tt)^ = 1, it follows that W(ir) has a unique irreducible 
quotient V(tz). Write 7r as a product 

7r = 7r (l) 7r (2)... 7r (fc) ! 

where 7r^ is such that 

=(l-a jU ) m *, 

for some m 7 - > and aj G C x with Oj =/= ak ii j =/= k. The following result was 
proved in [CP1|. 

Proposition 3.2. With the above notation, 

V(ir) = V{ir {1) ) ® V{-k {2) ) ® ■ ■ ■ «> ^(7r (fe) ) 
as L(q) -modules. Further, 

V(7T^)^Vf m (X nj ) 

as Q-modules. □ 

4. The quantum case 

In the remainder of this paper, we shall assume that g is simply-laced. 

Let q be an indeterminate, let C(g) be the field of rational functions in q with 
complex coefficients, and let A = C[g, be the subring of Laurent polynomials. 
For r, m £ N, m > r, define 



' _ t , [m]! = [m][m-l]...[2][l], 



rim 



Then, 



e A. 



m 
r 

Let Ujj be the quantized enveloping algebra over C(q) associated to £ e (fl). Thus, 
TJq is the quotient of the quantum affine algebra obtained by setting the central 
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generator equal to 1. It follows from ]Dr2fl , |B|], |j that is the algebra with 
generators x^ r (i e I, r e Z), Kf 1 (i e I), h iir (i e I, r e Z\{0}), D ±:L , and the 
following defining relations: 

iQifr 1 = x,- 1 ^ = l, DD- 1 = D- X D = 1, 

K^K- 1 = <z ±0 «x± r , D^D- 1 = q r xf r , 

[hi,r,h jjS } = 0, [hi,r,x£j = ±-[ray]x^ r+l „ 

x ± x± 



7reS m k=0 





+ 1 — 9 - x "i,r- x -j> + l j,s+ 




[ X i/r' X J>] = C 










X ± X ± 


x ± x ± x ± 

(fc) 3,8 + • ■ ' i,r„ (m) 


0, if Mi, 



for all sequences of integers r\ 1 . . . ,r m , where m = 1 — ay, £ m is the symmetric 
group on m letters, and the are determined by equating powers of u in the 
formal power series 



oo 



r=0 



Define the g-divided powers 



( x ?fe) (r) = 



for alH e J, fe G Z, r > 0. 

Suppose that = — 1. Then, a special case of the above relations is 

K>) 2x j> - (« + 9 _1 ) x l > x J > x l > + x j><X>) 2 = °- 

Set 

Ts,r — x i,s x j,r — 9 x j,r x i.s- Again, the relations in imply that 

/s,r /r+l,s — 1" 



The following result is proved in 

Proposition 4.1. For z, j £ / wif/i eiy- = — 1, r,s,l,m £ Z, and l,m > 0, there 
exist f p € A, /or < p < min(l, m), such that 

(xr )W( x - r )W = £ / p (x7.)(— %l;i)W(x7 s )(<-ri 
p 

Further, there exists g p £ A, /or < p < m, such that 

(7:;i) (m) = Y9p^jJ p) Kj m) (Hr) {m - p) - 

□ 

IS 



Define 



Af(«) 



rn—O 



exp 



The subalgebras U g , U^ m , U 9 (<), etc., are denned in the obvious way. Let U g (f) e ) 
be the subalgebra of generated by Kr x (i G /) and £) ±:L . Let U 9 (0) be the 
subalgebra of XJ q generated by the elements Ai jm (i € I, m £ Z). The following 
result is a simple corollary of the PBW theorem for Q . 

Lemma 4.1. U« £ U,(<)U g (0)U g (& e )U,(>). □ 
For any invertible element x 6 U g , define 



xg 



x q 



q-q 

Let be the A-subalgebra of generated by the Kf l , (xf fc )^ (i G I, fc G Z, 
"-Dl 



r > 0), £) , and 



(r > 1). Then, |L2|, gCPj , 
IF = C(a) ® A U1 



Define Ua(<), Ua(0) and Ua(>) in the obvious way. Let UA(f) e ) be the A- 



subalgebra of Ua generated by the elements K^ 1 , D 



and 



(» e 



□ 



r G Z). The following is proved as in Proposition 2.7 in [ BCP |. 
Proposition 4.2. = Ua(<)U a (0)U a (^)U a (>). 

The next lemma is easily checked. 
Lemma 4.2. (i) There is a unique C-linear anti-automorphism ^ of\3 e such 



that ty(q) = q and 



<&(£>)=£>, 



for all i G J , r G Z. 

(ii) There is a unique algebra automorphism $ of\J q over C(g) such that $(x^ r ) 
x± $(A+(«))=A i -(«). 



The first part of the following result is proved in [BCP], and the second part 
follows from it by applying "J". 

Lemma 4.3. (i) Let s > a', m,m' > 0, i G I. Then, (x J ~j( m )(x~ s ,) (m ' ) ™ m 
the span of the elements 

K ri ) (fa) (x l > 2 ) (fe2) ---(x^ n )( fe '), 
where s' < r% < r2 < ■ ■ ■ < r\ < s, J2 P kp = m + m' and J2 P k p r p = ms+m's'. 
(ii) Let s < s' , m,m' > 0, i € I . Then, (x^ s )( m )(x^ s ,)( m ' is in the span of the 
elements 

K n ) (fcl) (x.- r2 ) (fe2) ---(x^)*), 
where s' > r% > r% > ■ ■ • > r; > s, y] k v = m + m' and ^2 k p r p = ms + m's' . 



□ 
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For i € I, let X,- (it), X, (it), X i (it) be the formal power series with coefficients 

in XJq given by the same formul as as the X~(u), etc., in Section 1. The next result 
is a reformulation of results in CP6 , Section 5]. 

Lemma 4.4. Let s > r > 1. i G I. 

(i) 

(x+)W(xr 1 )(«) = (_inxr(«)(*- r >A+(u)) a mod U 9 U,(>) + . 



(iii) 



(x+ )W( x r )W = (-iy(X-( u )( s - r >A+(u)). mod U g U,(>) H 



(Xr ( U )W) = £ M ( SOj Sl , . . . )(xr )(«o) (x - 1 )(^) . . . , 

where the sum is over those non-negative integers so, si, • • ■ such that ^2 t s t — 
r and ^2 t ts t = s + r, and the coefficients /x(so, s\, ■ ■ •) G A. In particular, 
the coefficient of (x7 (Xr(«) W ) (s+1)r is g,sr(r-i)_ n 

Definition 4.1. A U^-module is said to be of type 1 if 

V q = © (^)a, 

where 

(V,)a = ifi.v = Vie/, D.« = q x{d) .v}. 

The subspaces (V^)t' are defined in the obvious way. We say that a type 1 module 
is integrable if the elements x~v act locally nilpotently on V„ for alH G I and fc G Z. 



As in the classical case, one shows [L2] that, if V q is integrable, then 

(V q ) x + =► (y g ) CT(A) ^ Vcr G W. 

The type 1 U^-modules and their weight spaces are defined analogously. If A G 
P + , there is a unique finite-dimensional irreducible U^ m -module V^ m {\) generated 
by a vector v such that 

ki.v = q x ^v, x+ .v = 0, (xr Q ) x ^+ 1 .v = 0, 

for all i G /. Further, 

dim C (,)(^/ <n (A) M ) = dim c (V /in (A) M ) 

for all /ieP. 

From now on, we shall only co nsid er modules of type 1. The next result is the 
quantum analogue of Proposition 1.1 and is proved in exactly the same way. 

Proposition 4.3. Let V q be an integrable XJ q -module. Let A G P\_ and assume that 

(i) Ai^ m .v = for all i £ I and |m| > X(hi). 

(ii) A ij A(/ l< )A i) _ m .u = A iiA( 7 li )_ m .i! for alii G I and < m < A(ftj). 
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(iii) For r > 1, s > X(hi), to <E Z, i e I, 

(X-(u) r A+(u)) s .v = 0, (XT ( u )'-A+( U )) a .v = 0, 
(X7(u)Af(u)) .v = 0, (H((ti)At(u)) .v = 0. 

(iv) 

($(Xr(u) f )A7(")) s •« = 0, (*(X£ («r)Ar(«)) a .„ = o. 

□ 

Proposition 4.4. Let 6e an integrable type 1 X5 e q -module and assume that A G 
-P+, O^we (K,)a *s swc/i ttcrf lg = Ug.v and 

xf k .v = Mi G I,k G Z. 

Then, there exists s\ > swc/i i/iai is spanned by the elements 

(x^ Sl ) (M (x^, S2 ) ( ' 2) ---(xr sfc )^)u A (0). t ; 

/or < j < k, lj > 0, ij Gl, 0<sj < s\. 

Proof. For any N > 0, let Vn be the C(q)-subspace of V q spanned by the elements 

(xr i) . 1 ) (IO (xr iBa )^..-(xr, a J (I * ) U A (0).i; 
for < j < k, < Sj < N, lj > 0. 



By Lemma 4.1, we have V q = U g (<)U 9 (0).u and hence 

V q = (&(V q )x-, 1+m s, 

where r\ G Q + , to e Z. The argument given in the proof of Proposition 1.2(i) (but 
replacing the modules by their quantum analogues) shows that (V q )x-n+mS ^ for 
only finitely many 77 6 Q + . Hence, it suffices to prove that: 

for each n G Q + , there exists N(rj) > such that (Vqjx-^ms C for all 

to g Z. 



We proceed by induction on ht rj. By Proposition 4.3, we see that, if s > X(hi), 
P>1, 

(xr( M )W A +( u )) U A (0). UA = 0, 

or equivalently that 

ps 

(4.1) £ (xr( U )W) A+M^Ua^-bx = 0. 

1=0 

lip = 1, it follows easily from equation (|4.l| ) by induction on s that 

if s > X(hi). To deal with the case, s < 0, we apply /i^ to both sides of equation 
(p~l|), and as in the proof of Proposition 1.2 use the fact that A t .a(/i ; ) is invertible. 



Thus, the induction begins with N(oti) = A(/i,). 
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Assume that we have proved the italicized statement above for all rj G Q + with 
ht 77 < p. We deal first with the case rj = pat, for some i € I, p > 1. We show that 
we can take N{pai) = X(hi). For this, it suffices to prove that 

(4-2) (xr )W(V g ) A+(m _ s05 _ (p _ 0Q4 C %) 

for all m,s E Z, p > I > 0. We prove this by induction on s (for p fixed), 
assuming first that s > 0. The induction begins since there is nothing to prove if 
< s < X(hi). Assume that s > X(hi) and that the result holds for all smaller 
values of s > 0. 

If p > I > then, by the induction on p, we have 

(V q )x — (p—l)oii-\-(m—sl)8 — {p—l—l')a.i-\-(m — si — s'l f )8 ; 

s',l' 



where < s' < A(ft-i), I' > 0. By Lemma 4.3 (i) , we have 



( X i, S ) W ( X i,s') (i )V \-(p-l-l')a % +(m-sl-s'l')8 C ^(x^ s „) ( ' } V X - (p-l") ai +(m-l" s")5 , 

where s' < s" < s. It follows by the induction hypothesis on s that 

X^ X M") ( ' )V \-(p-l")u i + ( m -l"s")5 C V X (hi)> 

which proves equation ( |l.2j ). 

In the case p = I, we must show that 

(x: s )Wu A (0).DCy %) . 

Since ps > X(hi), by Proposition |^3] we see that 

(X i -(«)W) p ,U A (0).«+ ^ (Xr(u)W) y A ijPS _ s ,U A (0).t; = 0. 

Now, by Lemma L4(iii), we see that for s' < ps the element (X~(u)( p )) , is a sum 



of terms of the form 

(4-3) (V) W (^) W - 

where < Sx < S2 < • • • , ^i, r%, • •• > 0, and Si < s. The induction hypothesis on p 
and s proves that (X~(u)^ p -') s , Ua(O).J) C V^(/j 4 ). Finally, again by Lemma 4.4(iii), 
we have 

fxr( u )W) =( X -)W+A, 



where A is a sum of terms of the form in J4.3| ) where either s± < s or si = s and 
fx < p. If sx < s it follows as before that (X^(«)^) s , Ua(0).w C Va(/i ( ), and 
if sx = s it follows by the case I < p of equation ( |4.2| ) proved above. Thus, the 
induction on s is completed in the case p = I too. 



This completes the proof of (4.2) when s > 0. Next, consider the case when 
s < 0. The case p = 1 was proved above. For p < I, the same method used for 
s > works, this time using Lemma 4.2(h). Finally, for the case p = I, we use the 
relation 

($(XT(u)*)Ar(u)) p> .« = 



and parts (i) and (ii) of Proposition |4.3| , and proceed as in the case s > 0. We omit 
the details. 

This completes the proof of the italicized statement when rj is a multiple of on . 
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We now turn to the case of arbitrary r\ = ^ r i a i of height p. Choose M so that 
if Y^ r i < P then (V^)a— >7+m<5 C Vj\/. As in the special case r\ = pon, to complete 
the induction on p it suffices to prove that there exists N > such that 

( X l\J (^A-(?7-tas) + (m-is)<5 C Vat 

for all i € /, s G Z, / > 0. Since ht(?7 — Icti) < p, it follows that 

(Vq)\-(n-l ai )+(m-la)S C £ ( X j>j)^^ (^A-(? 7 -k^-; 3 -a 3 )+(ro-is-i. f s.,) ( 5 

J,Sj ,lj 

where < Sj < M. Thus, we must show that there exists N such that 

( x l >) ( ' ) ( x j> J ) (ij) (^ / g)A-(^-;a,-; 3 a j )+(m-; s -; 3 ^)(5 C Vat, 

for all i,j 6 /, s, Sj G Z, < Sj < M. Assume that s > (the case s < is 
similar). If s < M, there is nothing to prove. Assume that we know the result for 
all i, and all smaller positive values of s. If i = j, then we prove exactly as in the 
case rj = von that we can take N = M. 

If dij = 0, the result is obvious. Assume now that ay = — 1. Then, with the 



notation in Proposition 4.1, we see that 



(7*;g (m) = (-i) m (7f;Vx, s _x) M = £ v( x l >-i) (p ' ) (x^. +1 ) M K s -i) (rn - p ' ) ! 

p'=0 

where the <7 P ' 6! A. Using the induction hypothesis on s, we get that 

\—{ri—ma.i—maj)+m'S 



for all m! 6 Z. Now, using Proposition 4.1 again, we see that 



( X i, S ) (i) ( X j, ;ij ) ( ' j) (^?)A-(»?-ia ! -i J Q J ) + (m-i S -i iS3 )5 C • 

This proves the result. □ 

Let I q (0) be the left ideal in XJ q generated by the elements Aj, m (i G /, \m\ > 
X(hi)) and A^h^^i-m ~ A ijA(fe .)_ m (i £ /, < m < AfTi,-)). Let J|(A) be the 
left ideal in U q generated by I q (0), U g (>), the elements Kf 1 - q ±x ( h >) (i g J), and 
D ±i _ q ±\(d)^ The ideal in ig defined in the 0^10^ 

way. Let 

W q (X)=V q /I*{X)=lJ q /I g (X) 
be the corresponding left U^-module. Let w\ be the image of 1 in W q (X). We have 

u 9 (o). WA e u,(o)/J g (o) 

as U 9 (0)-modules. 

Proposition 4.5. T/ie XJ q -module W q (X) is integrable. 

Proof. In 0, Kashiwara defines an integrable U^-module y maa; (A) for all A G P+, 
In fact, according to unpublished work of Kashiwara, 

V max (\) s W,(A), 

and hence W g (A) is an integrable U^-module. One can also give a direct proof that 
W q (X) is integrable along the lines of the proof of Theorem |l| One works with the 
presentation of XJ q in terms of Chevalley generators and the quantum version of 
Lemma 2.1 proved in B, |L2|. We omit the details. □ 
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Given any U^-module V q and a UA-submodule Va of V q such that 



V q S C(g) ®a Va, 

we set 

^=Ci0aVa, 

where we regard C x as an A-module by letting q act as 1. The algebra Cj 0a Ua 
is a quotient of U e , so V g is a U e -module. Similar results hold for U-modules. 

Let n q be an n-tuple of polynomials with constant term 1 and coefficients in 
C(q). Define \ 7Vq £ V+ and tt^(u) as in Section 2. Let I q (ir q ) be the left ideal in 
U 9 generated by I q (\jr ) and the elements 

(Af(u)~TT±(u)) s (i€l,S>0), 

Set W^tt,) = U q /I q (ir g ). 

Lemma 4.5. W q (ir q ) is a finite- dimensional \] q -module. 

Proof. This is proved in the same way as the corresponding result for U. We use 



Proposition |4.4| instead of Proposition 1.2 □ 



One has the following analogue of Proposition 2T for the modules W q ( \) a nd 
W q (Tv q ). We omit the proof, which is entirely similar to that of Proposition |2.l| . 

Proposition 4.6. (i) Let V q be any integrable XJq-module generated by an ele- 
ment of (Vg))' . Then, V q is a quotient ofW q (X). 

(ii) Let V q be a finite- dimensional quotient XJ q -module ofW q (\), and assume that 
dim {V q )\ = 1. Then, V q is a quotient ofW q (ir q ) for some choice of tv q . 

(iii) Let V q be finite- dimensional U q -module generated by an element of (V q )~^ and 
such that dim (V q )\ = 1. Then, V q is a quotient ofW q (ir q ) for some TT q . 

Definition 4.2. We call ir q integral if the polynomials irf(u) have coefficients in 
A for all i E I. Equivalcntly, for all i £ /, Hi(u) has coefficients in A and the 
coefficient of the highest power of u should lie in C x q z . Let Wq~ be the n-tuple 
of polynomials with coefficients in C and constant term one obtained from Tv q by 
evaluating its coefficients at q = 1. 

For any 7r g , Wa(tt 9 ) = Ua-Wtt^ is a UA-module. 

Lemma 4.6. Assume that n q is integral. 
(i) WxiTtq) is a free A-module and we have 

W q {ir q ) = C(q) ® A W A (Tr q ). 



(ii) The JJ-module W q (rt q ) is a quotient ofW(w q ). 



Proof. Since Wa^tt^) is a quotient of W q (\Tr q ), it follows from Proposition [L4 
that W-aXtTij) is a finitely-generated A-module. Since it is clearly a torsion- free 
A-module, part (i) follows. 

To prove (ii), observe that the defining relations of W q (ir q ) specialize to those 



of W(tz). The result now follows from Proposition 2.1. □ 
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The Uq-module W q (TT q ) has a unique irreducible quotient V q (-K q ). Let v-ix q be 
the image of w-n and set 

VA(n q ) = U A .u7r,- 

If TT q is integral, VA.(-K q ) is a UA-niodule and is free as an A- module (since it is 
torsion- free and the quotient of a finitely-generated A- module). Let V(tv) be the 
unique irreducible quotient of the U- module W(tt). 



Lemma 4.7. The XJ-module V(Tv q ) is a quotient ofV q (w q ) 



Proof. The module V q (Tv q ) has an unique irreducible quotient V. By Lemma 4.6(h), 
V is a quotient of W(W^) and hence by uniqueness V = V(jfg). □ 

We have thus proved the following statement. Assume that 7r g is integral. Then, 
we have a commutative diagram of surjective U-module homomorphisms 



Wfc) — -» W g (lT g ) 
i I 



V(7T q ) <— V q (n q ). 



Conjecture. If n q = ir has coefficients in C, the natural map W(n) — » V q (iz) is 
an isomorphism of U-modules, and hence W q (ir) = V q (ir). □ 

In Section 6, we prove this conjecture when q = s^- 

5. An irreducibility criterion. 

In this section we return to the classical case and obtain a criterion for the 
irreducibility of the modules W(n). 

For any a £ C x , and any U^ m -module V, define a U-module structure on V by 

(x (g> t r ).v — a r x.v 

for x £ g, r £ Z, v £ V. Let V(a) denote the corresponding U-module. 

For i £ I, a £ C x , we denote by W(i,a) the U-module corresponding to the 
n-tuple 7r of polynomials defined by 

TTj(u) = 1 if j ^ i, TTi(u) = 1 — au, 

and denote w-n by Wi_ a - Clearly, V-' m (a>j)(a) is the irreducible quotient of W(i, a). 
We set V fm {tOi)(a) = V(i,a). 

For % £ I and a £ C(q) x , the U g -modules W q (i,a) and V q (i,a) are defined 
similarly. 

W e need the following result, due to CPS] for g of type sh and due to [K5] and 
fFMfl in general. 



Proposition 5.1. Let r > 1, ai, ■ ■ ■ , a r 6 C(q) x , iijia, ••■ ,«r € J. There is a 
finite set S C C{q) x (depending on i±, ■ ■ ■ , i r ) such that the tensor product 

V q (h,ai) ® V q (t2,a 2 ) ® ••• ® V 9 (z r ,a r ), 

is irreducible if ai/a m S for all l,m — 1,2, . . . ,r. J/g = sfe, S = {? ±2 }- D 



Proposition 5.2. Fori £ I, a£ C x , a) = V(i, a) if and only if ' T{ = 1. 
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Proof. The proof rests on the following fact, which can be established by a case by 
case check: n = 1 if and only if there exists [i € P+ with ^ w, - ^ £ Q+ such 
that V s " 1 (v) occurs as a component of V fm (9) ® V /iT, (wi). 

Suppose first that r» > 1. Let /i £ P+ have the above property. For x G g, 
m £ Z, u € V fm {ui), v' £ V /in (», define 

x m .(v, v') = a m {x.v, mpr(x ® v) + x.v'), 

where pr : V* m (&) <g> V^ m (uii) — > V^ m {fj) is the g-module projection. It is straight- 
forward to check that this defines a U- module structure on V fln {uJi) © V* m (fJ,), 
and that this U-module is generated by the highest weig ht vector in V fin (wi). It 
is therefore a quotient of W(i, a). 

To prove the converse, notice that, as a g-module, W(i, a) is completely reducible, 
and hence 

W(i,a) = V im {LUi)® V fln ([i) m \ 

where m M is the multiplicity with which V^ ln {/j,) occurs in W(i,a). Consider the 
map L(g) (gi W(i, a) — » W(i, a) given by 

x n ® v i— » x n .v. 

This is clearly a map of g-modules, where we regard L(q) as a module for g through 
the adjoint representation. For each m 6 Z, consider the restriction of this map to 
(g ® i m ) ® V(wj). Since g ® t m = y* OT (0) as g-modules, we have a g-module map 
V r/m (6») ® V(i,a) -> W(i,a). By the fact stated above, this map takes (g ® i m ) <8 
into the U(g)-submodule W m (u;j) of W^i, a) for all m€Z. This proves that 
V iin {uoi) is a U-submodule of W(i,a) and hence (since Wi )a £ V* tT *(a;i)) is equal 
to W(i, a). □ 



Remark 5.1. The same criterion r» = 1 occurs, for the same reason, in Drin- 



feld's work on finite-dimensional representations of Yangians, Drl |. See also [ CP4 , 
Proposition 12.1.17]. 

We can now state the main result of this section. 

Theorem 3. Let tv = (tti,... ,7r„) be an n-tuple of polynomials in C[u] with 
constant coefficient one. Then, the U-module W(ir) is irreducible if and only if irg 
has distinct roots. 



Proof. Assume that irg has distinct roots. By Lemma 3.1, it follows that 7Tj = 1 if 
ri ^ 1. Let 

/' = {i £ I : n = 1}. 

If i € I' then iri must have distinct roots, and for any i, j £ I', i ^ j, the polyn omi als 
Tii and nj must be relatively prime. Hence, by Theorem^ and Proposition 5.2 , it 
follows that 

W(tz)= (g) W(i,aij)Si (g) V(i, aij ), 



where the are all distinct. By Proposition 3.2, we see that the second tensor 
product in the preceding equation is an irreducible L(g)-module. 

For the converse, suppose that irg has repeated roots. By Theorem ||, it follows 
that W(tt) is isomorphic to a tensor product of modules W(n a ), where 7r a is an 
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n-tuple of polynomials such that -Kg = (1 — au) m for some a G C x and m > 1, and 
where m > 1 for at least one value of a. Thus, it suffices to prove the theorem in 
the case where 7rg(u) = (1 — au) m with a G C x and m > 1. From now on, we shall 
assume that we are in this case. 

To prove that W(tz) is not isomorphic to V(tt) as L(g)-modules, recall that by 
Proposition |3.2| , we have V(ir) = V^ m (A-7r) as g- modules. Hence, it suffices to 
prove that W(ir) is reducible as a g-module. 

Let 7r 9 be an n-tuple of polynomials with constant term 1 such that 

ni(u) = (1 - a 4 ,iw)(l - a 4 ,2w) • • • (1 - a ly7ni u), 

where <Zjj = aq *■» , for some Uj G Z. Let Ujj be the highest weight vector in V q (i, aj) 
and consider 



V = V q (l,a 1A ) fg) 1^(1,01,2) • • • <8> V(l,ai, mi ) ® • • • ® V g (n, o n ,i) ® ••• ® Vgfra, a„, m J. 
Let v = vi t \ <g> Vi t 2 ® • • • <8> Vn,m n and set 

2,W=U,.vcV, Z A ( W ,) =U A .v. 
Since Z q (7r q ) is a quotient of W^^g), and 7r g is integral, it follows that 

Z q {Tv q ) Z a (tt 9 ) ® a C{q), 



so we can define the U-module Z q (Tx q ) = ZpSytq) ®a Ci. Clearly, Z q {-K q ) is a 
quotient of W(7r) and hence it suffices to show that Z q (ir q ) is reducible as a g- 
module. 

Suppose first that rrii > 2 for some io G /. Take Zy = for all i G J and 
j = 1, • ■ • , mj. Let U*° be the subalgebra of U g generated by -K^ 1 and ir^ fc for 
k € Z. Consider the U^ -module 

^°(7T g ) = U*°.V. 



Let w be the fundamental weight of s^- Then, by Proposition 5.1, we know that 
V q (u!,a)® mi o is irreducible and hence is a quotient of Z l q °{iz q ). Clearly, 

dim(Z g (7T (? )A- C[i0 ) > dhm(y{u, a)® mi °) mioU1 - a = m io 

hence 



dim(Z q (T7 q ) x _ aio > m io > 1. 



On the other hand, V(ir) is a quotient U-module of Z q (ir q ), since n q = tv, and 
V(tt) ^ y / " l (A 7r ) as U /m -modules from above. But 



Hence, Z q (7r q ) is reducible as a U-^-module. 

We can therefore assume that each m, = or 1, and that at least one rrii = 1. 
Consider first the case rrii = = 1 with io < i\, and rrij — for all i$ < j < i\. 
Set J = {io, io + 1, • • • , By a suitable choice of the numbering, we can assume 
that the corresponding diagram subalgebra g J of g is of type A\j\. Let \J J q be the 
subalgebra of U 9 generated by and xf k for fc G Z and i 6 J. Define 

Z/fo) = U ? 7 .V. 
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By Proposition 5.2, the U^-module V q (io,ai ) ® V^ii.a^) is irreducible except 
for finitely many values of the ratio ai / . Since each can be chosen from 
the infinite set {aq m : m G Z}, we can assume that <ij and are chosen so 
that Vq(io, di ) ® V^(ii, a^) is an irreducible U^-module and hence a quotient of 
Z q (n q ). If 6* ,/ is the highest root of the subdiagram J, then 

dim(Z q (n q ) X7V ^ 9j ) > dim(Z^{n q ) X7V ^ 9j ) 

> dim((V r /(i ,ai ) ® F/(ii,a il ))A 7rg _ ej ) 

> dim((Vf ^> l0 ) ® y/ i "' J (o; il ))o) = |J| + 1 

(in an obvious notation). On the other hand, V(ir) is a quotient U- module of 
Z q (ir q ) and 



which has dimension |J|. Hence, V(tv) is a proper quotient of Z q (Tv q ). This shows 
that Z q (Tv q ) is not isomorphic to V q (\-n q ) and hence is reducible as a U 9 (g)-module. 

It remains to consider the case when exactly one m; = 1, say rm = 1 and all 
other to; = 0. Since ttq has repeated roots, this means that ri ^ 1. By Proposition 
5.2 we know that W(tt) — W(i,a) is reducible. 

This completes the proof of the theorem. □ 

6. The sl 2 case. 

In this section, q — sl2- Let u> be the fundamental weight, a the positive root, and 
set x = x± a: h = h a . Let tt be a polynomial with coefficients in C and constant 
term 1. When tt = 1 — au, denote V q (ir) by V q (a), and define V(a) similarly. Note 
that these modules are two-dimensional over C(q) and C, respectively. 

Set V = V fin (uj) and let L(V) = V® C[t, i" 1 ] be the obvious U e -module, given 

by 

x r .(v ® t s ) = x.v ® t r+s , d.(v ® f) = ru ® f , 

for r, s G Z, i £ g and n £ y. 

Set P m = C[tf 1 ,tf 1 , ■ ■ ■ , i^ 1 ]. Let E m be the symmetric group on to letters 
and let p s ™ be the subalgebra of polynomials invariant under the obvious action 
of S m . 

Let S m (L(V)) be the symmetric part of the TO-fold tensor product T m (L{V)) 
of L(V). Then, T m {L(V)) is a U e -module in the obvious way, and S m {L{V)) is a 
U e -submodule. Moreover, as vector spaces, 

T m {L(V)) S y 0m ®? m , 

and so T m (L(V)) is a right module for P by right multiplication. This induces a 
right /^-action on S m {L(V)). 

The left U e -module W(moj) is also a right 'P Sm -module. In fact, by equation 
(|l), W(mLu) is a right U(0)// ma) (0)-module, i.e., a right module for the algebra 
C[Ai, • ■ • , A m , A" 1 ]. But this algebra is isomorphic to p E ™ by taking A r to the 
r th elementary symmetric function of ii, • • ■ , t m . 

In this section, we shall prove the following two theorems. 

Theorem 4. As left U e -modules and as right "P^ m -modules, we have 

W{mu) S S m (L(V)). 
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To prove Theorem |] we shall need 

Theorem 5. Let n(u) be a polynomial with coefficients in C and constant term 
1. Then, the dimension of W(tt) is 2 dcg7r . In fact, 

W(ir) - V^k), 

as U-modules, and 

a 

where a -1 runs over the set of roots of 7r counted with multiplicity. 

It does not follow from this result that W(ir) = &) a V(a). In fact, this is false 
except when deg7r = 1. The point is that the A-form of a V q (a) is not the tensor 
product of the A-forms of V q (a) (in fact, the former is a proper subset of the latter, 
unless dcg'7r = 1). We note the following corollary. 

Corollary 6.1. For any ir(u) as in Theorem^, we have W q (ir) = V q (ir) as U g - 
modules. 

Proof. Since V q (it) is a quotient of W q (it) it suffices to prove that 

dim c{q) W q (ir) < 2 dc ^. 
But this is clear from Theorem^, since W q (ir) is a quotient of W(tr), so 
dim C ( g )W 9 (7r) = dim c VK 9 (vr) < dim c IT(7r) = 2 dcg7r . 

□ 

Assume Theorem || for the moment. To prove Theorem ^, we begin with the 
following trivial lemma. 

Lemma 6.1. The U e -module S m (L(V)) is integrable. □ 
Let {v+,v-} be the usual basis of V, so that 

x .v± — 0, x ± .v^ — v±, hv± = ±v±. 
For < r < m, h, ■ ■ ■ , l m € Z, define 

V(h,h,- ,lr)Sr+U- M = H v a(1) t 1 "^ ® • • • <g> v a(m) t 1 -^ , 

where we set 

v s = if 1 < s < r, 

u s = if r + 1 < s < m. 

Clearly the set 

{ v (h,h,- ,l r ),(lr+u- M '-0 <r <m, l ir ■■ ,l m eZ}, 
is a C-basis of S m (L(V)). 

Lemma 6.2. The V^r -module S m {L(V)) is free of rank 2 m . 
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Proof. For < r < m, let S m (L(V)) r be the subspace of S m (L(V)) spanned by 
the elements 

Clearly, S m (L(V)) r is a right P^-submodule of S m (L(V)). It is easy to see that 
it is isomorphic to the P^" 1 — module 7- , m rXEm_r , consisting of the elements in V m 
invariant under permutation of the first r and the last m — r variables.. But it is 

well known that the latter module is free of rank I J . This proves the lemma. □ 

Lemma 6.3. The assignment w muJ — > v? m extends to a well defined surjective 
homomorphism W(mui) — ► S m (L(V)) of left U e -modules and right V^ 7 ™ -modules. 

Proof. It follows by Proposition |2.l| (i) that there exists a U e -module homomor- 
phism (j> : W(muS) — > S m (L(V)) that takes w muJ to v = vf m . It is trivial to check 
that <fi is also a map of right V^ 1 -modules. To show that <j> is surjective, it is 
enough to prove that 

(6.1) S rn (L(V)) =U e .v. 

We prove by induction on r that 

(6-2) V(Il,J 8 ,-,Jr).('r+l.-,'m) C V " * 

for all , l m G Z. Consider the case r = 0. For any fc 1; /c 2j ■ ' ' > S Z, we 

have 

(x+) m x' ki x' k2 ---x' km .v= v+t k ' <1} ® f+t*^ 2 ' <8> • • • <8> v + t k °^ - 

ctGE„ 



which proves ( |6.2[ ) in this case. The case r = m can be done similarly, since the 
element v - = v^ 1 = ^0~) m .v G U e . 

Assuming the result for r, we prove it for r + 1. For this we shall proceed by an 
induction on 

A = #{j:j>r + 1, Ij^O}. 

Now, 



,ir.i. + fc),(ir+l»- >'».- .2m)' 
s— r+1 

Taking Z s = for all s > r, we get that 

v (;i,i 2 ,--- ,i r ,k),(o,- ,o) £ U e .v, 

for all k G Z, proving our assertion when N = 0. Assume the result for A — 1. We 
have to show that 

^(h^,- ,l r ,l r+1 ),(l T+2 ,- ,l r+N+1 ,o,- ,0) G U e .v. 

Now 

r+l 

is in U e .v by the induction hypothesis on r , and is a sum of the term 
[m - r)v(i u ... j r+1 ),( lr+2t ... ,i r+N+1 , 0t ... , ) 
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and terms of type 



V (il,- ,lr,U+lr+l),(lr+2,"U," ,/r+JV+l,0,- ,0)' 

for r + 2<s<r + N + l. Since, by the induction hypothesis on N, all the terms 
of the second type are in U e .v, it follows that 

V(i 1 ,... ) i r+1 ),(i r+a ,...,i r+N+1 ,o,-,o) e U e .v. 
This completes the proof that </> is surjective. □ 

Proof of Theorem 0. Let K be the kernel of the homomorphism W(mu>) — > 
5 m (L(V)) given by Lem ma |6.3| . Since £ m (.L(V)) is a free, hence projective, right 
■p,^ m -module by Lemma |6.2| , it follows that 

W(mw) = S m {L{V)) © K, 

as right P^" 1 -modules. 

Let m be any maximal ideal in V^" 1 - Identifying V^" 1 with U(0)// mw (0) as 
described earlier in this section, it is clear that 

m = I n (0)/I mu (0), 

for some polynomial 7r with constant term 1 such that deg7r = m. It follows that 

W{muj)/W{muj)m W(n) 

as vector spaces over C, and hence has dimension 2 m . On the other hand, by 
Lemmma [T^, S m {L{V))/ S m (L(V))m also has dimension 2 m over C. It follows 
that K/Km — 0. Since this holds for all maximal ideals m, Nakayama's lemma 
implies that K — 0, proving the theorem. 

□ 

The rest of the section is devoted to proving Theorem ||. First, observe that, in 
view of Theorem ^, it suffices to consider the case when ir(u) = (1 — au)' m for some 
a 6 C x . Since we have a surjective map W(ir) — » V q (Tr), it suffices to prove that 



(6.3) dime W(ir) < dimcV^Tr) = 2 m . 

For a E C x , let r a : J ® Cp] — * fl <g> C[t] be the Lie algebra automorphism 
obtained by extending the assignment 

x ® i fc -> x ® (i - a) fe , Vieg, fc > 0. 

Set 



= r a (X- ( u )), A+(«) = r„(A+(«)) = exp 

V fc=i 

It is easy to see, using the relation between the A m and h m , that 

(6.4) hk-W-x = ma k w-x, 
or equivalently that 

h®(t- a) k .WTv = 0, 

for all fc > 0. It follows that 

(6.5) (A+) k .w 7V =0, Vfc>0. 
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h(g>(t- a) u k 



Further, using Lemma 1.3(h) and observing that the identity there is actually an 
identity in U(fl ® C[t]), we get by applying r a that 

r a (x+)^( X -)^ = (-1Y (x-(u)^A+(u)) s mod UU(» +) 

for s > r > 1. Together with ( |6.5| ), it follows that 

(6.6) (x-(u) {s - r) ^) . WlT = V r > 1, s > m + 1. 

In particular, this means that 

[x~ ®{t- a) s ).wn = V s>m. 

Let U+(<) be the commutative subalgebra of U generated by the elements r a (x^) 
for all k > 0, and let J Q (m) be the ideal in U+(<) generated by the elements 
(X-{u) ( - s -^) s for all r > 1, s > m + 1. 

Lemma 6.4. TTie assignment u — > u.w-k induces a surjective map of vector spaces 
U+(<)/J (m) W(tt). 

Proof. The map is well defined by (|6.6| ). It is obviously surjective because the 
polynomials (i — a) fc for fc > are a basis of C[£]. □ 



Thus, to prove (6.3) it suffices to show that the dimension of U+(<)// a (m) is 
at most 2 m . It is convenient to reformulate the problem as follows. 

Let R m = C[zoi • ■ • j Zm— l] be the polynomial algebra in m variables. For < 
j < m, set 

m— 1 

Z 3 { U ) - G i?mM- 

Let J m be the ideal in R m generated by the elements (Zo(u) r ) s , for r > 1, s > m+1. 
It is trivial to see that 

JWJ m = U+(<)/7«(m), 



via the map T(x k ) — > z^. It is clear that (6.3) is now a consequence of the following 



proposition and Lemma 6.4 



Proposition 6.1. For m > r > 0, let 

B m ,r = {zi t z l2 ■ ■ ■ z ir : < ii < i 2 < • ■ ■ < i r < m - r}. 
Let Bmfl = {!}. The set 



B m ={JB, 



r=0 



spans R m / J„ 



We prove Proposition 6.1 by induction on m. The case m = 1 is trivial, but for 
the inductive step, we need the following lemmas. 

Set J m — J m .o and, for < j < m, define ideals J m ,j in Rm inductively by 

j 

Jm,j — 4j-l + Rm{Zl(u) r )m-j = J m + ^ ^ R m (Zi(u) r ) s . 
r—1 s>m—j l<r<m — s 

2!) 



Lemma 6.5. If j > 1, there is a unique homomorphism of algebras 

Rm—j I Jm—j * Rmj Jm,j—\ 

such that Zi \— > /or < i < m — j. 

Proof. To establish the lemma, we must prove that 

(6.7) ((E<^J ) £4,i-i, 

for all r > 1 and s > m — j + 1 . 

We proceed by induction on j. For j = 1, we must show that 

(Zi(w) r ) s £ J m V s > m. 

If r = 1, this is trivial from the dehnition of Z\(u). Assume the result for smaller 
values of r. Writing 

Z (u) = u(z + Z 1 (u)), 

we have 



5(Zi(«) r - t ).-r 1 • 

Take s = n + r with n > m. Then, (^o( M ) r ) n+r G by the definition of J m , so 

E (T) 4(Zi(u) r -% e J m . 



But, if t > 0, then (Zi(it) )„ £ J TO for all n > m by the induction hypothesis 
on r, so (Zi(M) r )„ € J m for all n > m, thus completing the induction on r, and 
establishing (|6.7D when j = 1. 



So now assume that we know (3.7) for j ' — 1. Write 

m — j+1 m—j 

E ^ = 2m-] + l« m_3+1 + E 2l " 1 - 
i=l i=l 

By the induction hypothesis on j, 

/ /m-i+i \ r \ 

E ^ G J m,3-2 

for all r > 1, s > m — j + 2. Since z m _j + i G J m ,j-i, we can conclude, by using the 
binomial expansion, that 



fm-j 



E G ^ 



7n,j— 1 7 



ifr>l,s>m — i + Thus, it suffices to prove that 



fm-j 



E e 4j-i 

/ / m-j + 1 
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for all r > 1. If r < j — 1, we have (Zi(u) r ) m ^j + i G J mj _i by definition. Further, 
the elements z m -j+i, • ■ ■ , z m -\ G J m ,j-i- Thus, writing 

m—j m—l 

Zi(u) = ^2 ZiU 1 + ^2 z ^ u% -> 

and using the binomial expansion, we see that ([T^) follows. 
If r > j — 1, then r + m — j + 1 > 771, so 

(Z (u) r ) r+m _ j+1 e J m c J m ,j-i 

by the definition of J m , we have 

((z + z 1 {u)) r ) m ^ J+1 e Jmj-x- 

Now, Zi(u) m -j + i = z m _j + i G J m ,j-i by definition, and so using the binomial 
expansion again and an induction on r, we conclude that 

( z i{ u Y) m -j+i e Jm,i-i- 

But now the proof is completed as in the case r < j. □ 

The proof of the following lemma is elementary. 
Lemma 6.6. Let r > k > 0. Then, the matrix 



k + l\ k + l 
1 ) \ 2 

k + 2\ pc + 2 



r + 1 \ (r + 1 
1 



fc + 1 

r - fc + 1 

/c + 2 
r - k + 1 



r + 1 
r -k + l 



r + V 

has determinant ( , ) and hence is invertible. 



□ 



Lemma 6.7. For r>i>0, 0<s<r, the element Zq s (Zi(u) s+1 ) m ^ t belongs to 
the span of 

{4- i (Z 1 (uy- t +'+ 1 ) m . t :l<j<t}. 

Proof. We assume that m > 1, otherwise there is nothing to prove. We consider 
the following equations in R m /J m : 

z r - j {Z (uy +1 ) m+j+1 ^ t = 0, < t <j, 

i.e., 

z r - J (( ZQ + z 1 {u)y+ 1 ) m ^ t = o, o < t < j, 

i.e., 

j 



i=0 ^ ' 
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We must show that these equations, for j = t, t + 1, • • • , r, can be solved for the 
elements z^(Zi(u) r+1 ~ s ) m ~t with t < s < r in terms of those with s < t. But this 
follows from the preceding lemma. □ 



Proof of Proposition 6.1. The proposition is trivially true if m — 1. Assume now 
that we know the result for m — 1. 
For < k < r < m, set 

Bm,r,k {^21-^22 * ' ' ^ir ^- ^m.r ■ ^k+1 ^ !}• 

The proposition obviously follows from 

Claim Let r > k > 0, and let g £ R m be a homogenous polynomial of degree r — k 
in zi, z 2 , • ■ • , z TO _!. Then, z^g is in the span of B m , r ,k modulo J m . 



We proceed by induction on k. If k = 0, then by Lemma 6.5 we have a homomor- 
phism R m -i/ J m -i — > R m / J m which sends Zi —* Zi+\. Clearly, g is in the image of 
this homomorphism and the induction hypothesis on to implies that g £ B m ,r,o- 

Assume the result for k — 1. Write 

g = go + giZm-k + g2z m -k+i + • • • + gkz m -i, 

where for < j < k, gj is a polynomial in z\, Z2, ■ • • , z m ~k+j-i- Now, for j > 0, 



we see by Lemma 6.7 that the element z$Zm-k+j is in the span of the sets B m ,k+i,s 
with s < k. Thus, the element z^Zm-k+jgj+i can be written as a sum 53 s <fc z o^sj, 
where the h S j are polynomials in z\, • ■ • , z m —i- Hence, by the induction on k, 

ZQZ"m — k+jgj+l ^ B m ,r,ki 



for j > 0. Finally observe that by Lemma 6.5, go is in the image of the map 
Rm-k-i/ Jm-k+j-i — > Rm/ Jm and hence, by using the induction on m, we get 
that 



.go 6 span(B TO , r _fe ) o) mod J, 



Thus, z^go is in the span of B m .r,k provided that z^J m ,k is also in the span of B m .r.k, 
i.c if Zq (Zi(u) r ) m —k—i is in the span of B m ,r,k for all s > to— fe, 1 < r < m — s. But 



this follows from Lemma 3.7 again, and the proof of the proposition is complete. □ 
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